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Abstract
In this paper, we give a geometrical characterization of the convexity of Bezier nets of some piecewise quadratic
Powell{Sabin surfaces. This condition also guarantees the convexity of the underlying surfaces. We rst study the local
problem for the Powell{Sabin nite element decomposed into 12 triangles (the PS2 nite element). Then, we extend our
results to surfaces obtained by assembling these nite elements. c© 2000 Elsevier Science B.V. All rights reserved.
Keywords: Bernstein polynomials; Bezier nets; Convexity; Triangular nite element
1. Introduction
Piecewise quadratic triangular nite elements are very useful in the construction of C1-surfaces.
Two of them are described in the original paper of Powell and Sabin [10]: the PS1 triangle,
subdivided into six subtriangles and the PS2 triangle, subdivided into 12 subtriangles. The rst
one has been already studied in various contexts, in particular for the aproximation of convex data
by convex dierentiable surfaces (see, e.g., [1,5,8,9,11{13]).
The aim of this paper is to begin an analysis of the convexity of PS2 nite elements and of
dierentiable surfaces obtained by assembling such elements in a triangulated polygonal convex
domain. We use a well known and simple property of the Bezier net of a polynomial on a triangle:
the convexity of the former implies the convexity of the latter (see, e.g., [2,4,7]). Nonlinear convexity
conditions, as given in [2,3], are not easy to use in a rst step. Therefore, we essentially prove
necessary and sucient conditions for the convexity of Bezier nets of PS2 triangles and of the
associated composed surfaces. These conditions are automatically sucient for the convexity of
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underlying piecewise quadratic functions. A further step should consist in connecting them with the
Hermite data (at the vertices and on the edges of the triangulation) which dene the interpolating
spline function.
Notations and basic results on Bezier nets and the convexity of piecewise ane continuous func-
tions are introduced in Section 2. In Section 3, we briey recall the construction of the Bezier net of
a PS2 nite element and we prove a theorem characterizing its convexity. In Section 4, we extend
the previous results to the Bezier nets of composed surfaces. Finally, in Section 5, we give some
technical lemmas that are used in the proofs of theorems.
2. Notations and basic results
Throughout the paper, T and D denote, respectively, a nondegenerate triangle and a bounded
convex polygonal domain in R2.
Let u :T ! R be a function and let n>1, the nth Bernstein polynomial of u is dened by
Bnu() =
X
jj=n
u


n

bn() =
X
jj=n
c()bn();
where   (1; 2; 3) (barycentric coordinates with respect to T ),   (1; 2; 3); jj = 1 + 2 +
3; i 2N; 8i = 1; 2; 3, and bn() = [n!=(1!2!3!)]11 22 33 (Bernstein basis of Pn(T )).
The nth Bezier net (or B-net) of u, denoted by Lnu, is the unique continuous function which
interpolates the set of points ’n and is ane on every triangle Ti 2 n(T ). Here, ’n denote the set of
control vertices of Bnu, namely, ’n= f(=n; c())2R3: jj= ng, and n(T ) denote the triangulation
on T induced by ’n or by Lnu, that is, the triangulation of T whose edges are parallel to the sides
of T , and whose vertices are obtained by projecting the points in the set ’n over the triangle T .
The elements of the set fc(): jj = ng are called B-coecients of Bnu and their representation
at the vertices of n(T ) is called the planar representation of the B-net Lnu (see Fig. 1 for n= 2,
where c(2; 0; 0) = 2; c(0; 2; 0) = 3; c(0; 0; 2) = 4 and c(i; j; k) = 1 otherwise).
In fact, for all p2Pn(T ) (polynomials with total degree at most n dened on T ) there exists a
unique set of coecients c() in R, with jj= n, such that
p() =
X
jj=n
c()bn() (Bernstein form ofp):
Let  be a triangulation of D, we call bitriangle of  any set of two adjacent triangles of . Let
u2C( D) be a piecewise ane function on the triangulation .
Fig. 1. Planar representation of L2u.
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Fig. 2. (a) A bitriangle, (b) condition (C).
Denition 1. Let T1 [ T2 be a bitriangle of  with vertices M1; M2; M3; M4 (see Fig. 2a). We say
that u satises condition (C) in the bitriangle T1 [ T2 if and only if s(M)>r(M), where M =
M1M2 \M3M4 and r; s are the equations of straight lines joining the points (M1; u(M1)); (M2; u(M2))
and (M3; u(M3)); (M4; u(M4)) respectively (see Fig. 2b).
In particular, when the bitriangle T1[T2 is a parallelogram, then u satises condition (C) in T1[T2
if and only if
u(M3) + u(M4)>u(M1) + u(M2):
Theorem 2. On the domain D; u is convex if and only if it satises condition (C) in each bitriangle
of .
We mainly use the following well-known result:
Theorem 3. Let u2C(T ) and let n>1.
(i) Lnu is convex if and only if Lnu satises condition (C) in each bitriangle of the triangulation
n(T ).
(ii) If Lnu is convex; then Bnu is convex.
3. Convexity of the PS2 nite element
We rst recall the construction of the Bezier net of a PS2 nite element.
Denition 4. Let Mi be some interior point of the edge of T opposite to Ai; i=1; 2; 3, and let T0 be
the subtriangle of T with vertices Mi. We denote by  the triangulation of PS2-type of T , obtained
by joining an arbitrary interior point 
 in T0 to its vertices and to those of T (see Fig. 3).
 A PS2 Finite Element is a C1-function s :T ! R such that si=sjTi on each Ti 2  is a quadratic
function, B2ui.
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Fig. 3. Triangulation of PS2-type.
Fig. 4. Planar representation.
 We call Bezier net (B-net) of a PS2 nite element the continuous function on T that coincides
on each Ti 2  with the B-net L2ui. Its planar representation is shown in Fig. 4.
It is known (e.g., see [10]) that a PS2 nite element is uniquely determined by either one of the
two following data sets:
(1) Function values and rst derivatives at the vertices of T in the directions of the sides, together
with derivatives at the points Mi in some directions not parallel to the side opposite to Ai, for
i = 1; 2; 3.
(2) The 12 B-coecients fai; bi; ci; fi: i = 1; 2; 3g. They are enough to determine all the other ones
because the B-net is planar on each shaded region of Fig. 5, in virtue of the dierentiability of
the element.
Now, we want to characterize the convex B-nets of a PS2 nite element. For that purpose we
need the notations of Fig. 6 where, for each i = 1; 2; 3; Ni is the intersection point of the segment

Ai with the sides of T0, and N 0i and N
00
i are the intersection points of the parallel lines with
the edges of T0 passing through 
 with the sides of T0. We also use the convention of indices
M4 =M1; N0 = N3; M5 =M2; N4 = N1.
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Fig. 5. Planar regions of the B-net.
Fig. 6. Notations.
Theorem 5. The B-net of a PS2 nite element is convex if and only if the following statements
are satised:
(1) The control vertices located over each of the shaded regions in Fig. 7 are coplanar.
(2) The restrictions of the B-net to 
Ai; 16i63 are convex.
(3) If there is an i2f1; 2; 3g such that Ni 2N 00i Mi+1 with Ni 6= N 00i ; then the restriction of the B-net
to Mi+1Ni−1 is convex.
(4) If there is an i2f1; 2; 3g such that Ni 2N 0i Mi+2 with Ni 6= N 0i ; then the restriction of the B-net
to Mi+2Ni+1 is convex.
Proof. Let v be the B-net of a PS2 nite element.
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Fig. 7. Planar regions of the convex B-net.
Fig. 8.
If the B-net v is convex, then conditions (2){(4) are immediate. Moreover, Theorem 2 implies
that v satises condition (C) in each bitriangle of the triangulation on T induced by the B-net. In
particular, if we consider this condition over the shaded bitriangles in Figs. 8a and b, we obtain
the coplanar regions mentioned in (1), by using the dierentiability of the PS2 nite element and
Lemma A.1 of Section 4 (see Appendix A) below.
Reciprocally, assume that conditions (1){(4) are satised. Theorem 2 shows that it is enough
to prove that v satises condition (C) in each bitriangle of the triangulation on T induced by the
B-net. Thus:
(1) The B-net v is convex over T0, or equivalently v satises condition (C) in each bitriangle located
inside T0, since:
(a) Condition (1) guarantees that v satises condition (C) in each bitriangle located inside each
shaded region of the triangle T0 in Fig. 7.
(b) In the remaining bitriangles, Lemmas A.2 and A.3 imply that v satises condition (C).
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Fig. 9.
Fig. 10.
(2) For those bitriangles not contained in T0:
(a) Condition (1) guarantees that v satises condition (C) in all the bitriangles included in each
shaded region of Fig. 7.
(b) From Lemma A.2, condition (2) implies that v satises condition (C) in the shaded bitriangles
in Fig. 9.
(c) Using Lemma A.2, the convexity of v over (the boundary of) T0 guarantees that v satises
condition (C) in the shaded bitriangles in Figs. 10a and b.
Corollary 6. If  satises Ni 2N 0i N 00i for i = 1; 2; 3; then the B-net of a PS2 nite element is
convex if and only if statements (1) and (2) of Theorem 5 are satised. In particular; this occurs
if Ai; Ni; 
 and Mi are colinear; for i = 1; 2; 3.
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Fig. 11.
Proof. It is sucient to observe that, in this situation, there is no i2f1; 2; 3g satisfying the conditions
of statements (3) or (4) of Theorem 5.
Fig. 11a shows an example of a triangulation ? that satises the conditions of the above corollary
while Fig. 11b shows another triangulation ? that does not satisfy these conditions.
Finally, from Theorem 3, if the conditions of Theorem 5 or of Corollary 6 over the B-net are
satised, then the PS2 nite element is a convex surface.
4. Convexity of a C 1-surface of PS2-type
Denition 7. Let  be a triangulation of DR2. A C1-surface of PS2-type on D is the graph
of a C1-function s :D ! R whose restriction sjTi to each Ti 2  is a PS2 nite element. We call
sub-triangulation associated with  the sub-triangulation 2 of  which restricted to each Ti 2  is a
triangulation of PS2-type (see Fig. 12).
The continuous function on D whose restriction to each T 2  coincides with the B-net of the PS2
nite element is called the Bezier net (B-net) of s.
It is known that a C1-surface of PS2-type is uniquely determined by function values and gradients
at the vertices of , together with derivatives at each point Mj, in some direction not parallel to
the side containing Mj. In fact, the dierentiability of s is equivalent to the following property:
over each pair of adjacent triangles, the control vertices located over each of the shaded regions in
Fig. 13 are coplanar.
We can characterize the convexity of the Bezier net of a C1-surface of PS2-type on D as follows:
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Fig. 12. Triangulations  and ∗2 .
Fig. 13. Planar regions.
Theorem 8. The B-net of a C1-surface of PS2-type on D is convex if and only if the following
statements holds:
(i) For all T 2  the conditions of Theorem 5 are satised.
(ii) For any adjacent triangles; Ti; Tj 2  such that M1; M2; M 02; A3 determine a nonconvex
quadrilateral; the control vertices located over each of the shaded regions in Fig. 14 are
coplanar.
Proof. It is a consequence of the dierentiability of the C1-surface of PS2-type, of Theorems 2 and
5, and of Lemma A.4 given in the appendix.
As a immediate consequence of the above theorem and of Corollary 6, we obtain the following
result for some particular :
Corollary 9. Assume that; on each T 2 ; the conditions Nk 2N 0kN 00k ; k = 1; 2; 3; are satised and;
moreover; that the points 
i;Mk; 
j are colinear for each interior point Mk that is located over the
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Fig. 14.
common side of two adjacent triangles Ti; Tj 2 . Then the B-net of a C1-surface of PS2-type on
D is convex if and only if statements (1) and (2) of Theorem 5 are satised for all T 2 .
Finally, from Theorem 3, if the conditions of Theorem 8 or of Corollary 9 are satised then we
obtain a convex C1-surface of PS2-type.
Appendix A. Auxiliary lemmas
In this section, we give some results that relate condition (C) to other simpler geometric conditions
in some particular situations. They are used in Sections 2 and 3.
Lemma A.1. Let D1 and D2 be two adjacent bitriangles that form two parallelograms with common
side A5A6 and such that D = D1 [ D2 is also a parallelogram (see Fig. 15). Let u2C(D) be a
piecewise ane function on this triangulation of D and assume that u is ane over the two
segments A1A4 y A2A3. Then; u satises condition (C) in D1 and D2; or equivalently u is convex
in D1 and D2; if and only if u is ane in D.
Fig. 15.
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Fig. 16.
Proof. Firstly, since D1; D2 and D are parallelograms and since M5 2M1M4 and M6 2M2M3, there
exists 2 (0; 1) such that z5 = z1 + (1 − )z4; z6 = z2 + (1 − )z3, where zi = u(Ai); i = 1; : : : ; 6.
Therefore, we can deduce that u satises condition (C) in D1 and D2 if and only if z1 + z3 = z2 + z4
is satised. On the other hand, since M5 2M1M4; M6 2M2M3, the function u is ane in D if and
only if the points fMi: i = 1; : : : ; 4g are coplanar, or equivalently, if and only if z1 + z3 = z2 + z4 is
satised, since the diagonals of D coincide at their midpoints.
Lemma A.2. Let u :T ! R be a piecewise ane continuous function on 2(T ). Suppose; in addition;
that u is ane on the bitriangle T1 [ T4 (see Fig. 16), then:
(i) u satises condition (C) in the bitriangle T2 [ T4 if and only if u is convex on the segment
A1A2.
(ii) Similarly; u satises condition (C) in the bitriangle T3 [ T4 if and only if u is convex on the
segment A1A3.
Proof. To prove (i) it is enough to observe that, since the bitriangle with diagonal B2B3 is a
parallelogram, u is ane in this bitriangle if and only if b1 = b3 + b2 − a1 is satised, where
ai = u(Ai); bi = u(Bi); i = 1; 2; 3.
Therefore, u satises condition (C) in the bitriangle with diagonal B1B3 if and only if b36 12 (a1 +
a2), i.e., if and only if u is convex on A1A2 because it is a polygonal line over this side of T .
The proof of (ii) is analogous.
Lemma A.3. Let T1 and T2 be two adjacent triangles with vertices A1; A2; A3 and A2; A3; A4; respec-
tively; such that T1 [ T2 is a nondegenerate convex quadrilateral. Let  = 2(T1) [ 2(T2) and let
u : T1 [T2 ! R be a continuous function which is ane on those bitriangles of  whose diagonals
are parallel to A2A3.
(i) Let (1; 2; 3) be the barycentric coordinates of A4 with respect to T1. Assume that 3>1;
and that u is convex on A1A3. Then; if u is convex on A3A4; it satises condition (C) in the
bitriangle of 2(T1) that contains A2 (see Fig. 17).
(ii) Let ( ~1; ~2; ~3) be the barycentric coordinates of A1 with respect to T2. Assume that ~3>1
and that u is convex on A3A4. Then; if u is convex on A1A3; it satises condition (C) in the
bitriangle of 2(T2) that contains A2.
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Fig. 17. Case (i) of Lemma A.3.
Fig. 18. Situation of A1 and A4.
Proof. We observe that the convexity of T1 [ T2 is equivalent to 1< 0; 2; 3> 0. We now prove
that, in situation (i), if condition (C) is not satised in the bitriangle of 2(T1) that contains A2,
then u is not convex on A3A4. Let ai = u(Ai); i = 1; 2; 3; 4, and let bi = u(Bi); i = 1; 2; 3; 5; 6 (see
Fig. 17). We suppose that a2 + b6<b3 + b5. Since the bitriangles with diagonals B1B2 and B5B6 are
parallelograms, u is ane on these bitriangles if and only if a4 = b1 + b2 − b3; b5 = b3 + a1 − b6.
Moreover, if u is ane on the bitriangles with diagonals A2B3 and B3A3 then b1 =1b5 +2a2 +3b3
and b2 = 1b6 + 2b3 + 3a3. Therefore, since 2> 0; 3>1 and u is convex over A3A1, we obtain
the following inequalities:
a3 + a4 − 2b2 = 1(b5 − b3) + 2(a2 − b3)− b2 + a3
<1(b5 − b3) + 2(b5 − b6)− b2 + a3 = (1− 3)(a1 + a3 − 2b6)60;
therefore u is not convex over A3A4.
The proof of (ii) is similar.
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Fig. 19.
Fig. 20. Region H for n= 2.
In relation to the above lemma, we observe that:
(1) Let ri (respectively si) be the straight line joining A3 and Aj (respectively parallel to the edge
A2Aj containing A3), with (i; j) = (1; 4) or (4; 1). Then the position of vertices A1 and A4 in
(i) and (ii) has the following geometric interpretation: for i = 1; 4, the vertex Ai lies inside the
shaded semicone in Fig. 18, which contains (respectively does not contains) the boundary si
(respectively ri).
(2) If 3>1 is not satised in (i), then the result is not true: it is enough to consider the data of
Fig. 19, where A4 = (− 12 ; 34 ; 34 ) with respect to T1. For (ii) we have a analogous situation.
To nish this section we recall a result of Grandine [6], that we have used for n= 2:
Lemma A.4. Let T1 and T2 be two triangles with common side A2A3 such that D = T1 [ T2 is a
nonconvex quadrilateral. Let n>1 and let u : D ! R be a piecewise ane continuous function
on the triangulation = n(T1)[ n(T2): We suppose that u is ane on each bitriangle of  whose
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diagonal is included in A2A3. Let H D be the union of the triangles of  that have a nonempty
intersection with A2A3 (see Fig. 20). Then; the following statements are equivalent:
(i) u satises condition (C) in each bitriangle of  included in H .
(ii) The function u is ane on H .
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